In the paper, a method for the design of multidimensional ellipsoidally and spherically symmetric recursive digital filters using onedimensional analogue filters is presented. The number of coefficients required to be optimised is very much reduced and the stability of the resultant filter can be guaranteed. This method is suitable for the design of moderately precise digital filters.
Introduction
Over the past decade, many methods [I-121 have been advanced for the design of two-dimensional circularly symmetric recursive digital filters. Generally, these methods utilised one of the following two techniques to obtain a circularly symmetric magnituded response: In general, the first technique has the advantage of ease in finding the filter coefficients. However, it can hardly be. used for real-time applications due to realisation of additional cascade filters. The second technique is usually achieved by using a nonlinear optimisation. It could possibly provide an optimal or suboptimal solution. In general, the objective function of a recursive digital filter is nonlinear. Therefore, nonlinear optimisation is commonly used. Owing to the octagonal symmetric properties [13-141, the number of variables can be greatly reduced. Moreover, the denominator of the transfer function of such a two-dimensional filter is separable, i.e. a product of two one-dimensional polynomials of z; ' and z; ' .
With the help of the pole-inversion theorem
[lS], the stability of the transfer function can always be guaranteed.
Several papers have presented methods for designing FIR and IIR two-dimensional elliptical magnitude response digital filters C4, 161. This kind of filter is useful in many situations, such as in the case of using different sampling rates in the two spatial directions due to compelling reason. This paper introduces a simple method on the design of two-dimensional elliptical and circular magnitude response recursive filters making use of onedimensional analogue filters. The desired response is approximated by an additional zero-phase polynomial term in the numerator. One special feature of this method is that the employed one-dimensional analogue filters can be Butterworth, Chebyshev and elliptic filters, which are the major types of analogue filters and can be conveniently obtained from a filter handbook such as Reference 17. Hence, the number of coefficients required to be optimised can be kept to be minimum. Since circular magnitude response is a special case of the elliptical one, this method is also applicable to two-dimensional circular symmetric filter design. 2 
One-dimensional filter
In this paper, we are concerned with M-dimensional digital filters. An ideal M-dimensional digital filter is a filter in which where c is determined by the one-to-one correspondence of a critical analogue frequency R, and the corresponding critical digital frequency w, (c = R, cot (wJ2)). In most cases, the critical frequency is the cutoff frequency. Hence, eqn. 2 becomes
(4)
where N,(z) and D,(z) are the numerator and denominator polynomials, which can be in the forms of (0) Therefore, the magnitude responses on the axes preserve the characteristics of H,(z) and H,(z) (e) As the numerator of eqn. 7 is a zero-phase polynomial and the denominator is separable, eqn. 7 is quadrantally symmetric for 2-D elliptically symmetric magnitude response digital filters, and is octogonally symmetric for 2-D circularly symmetric digital filters (d) The denominator of eqn. 7 is separable, which is a product of the two one-dimensional filters. According to where z1 = exp (jw,) and z2 = exp (jw2), R and S are positive integers, and e,,, m = 1, _ . ., R and n = 1, . . ., S are unknown parameters to be determined. For easy presentation, eqn. 7 has been expressed in terms of sin2(w,/2) and sin2(w,/2), which should be converted to z;' and z;' by Eqn. 7 consists of the sum of two parts. The first part is obtained by direct multiplication of eqns. 6a and 6b. It is known that the direct product of the 1-D digital filters will give a 2-D digital filter of rectangular (or square for the circularly symmetric case) contour in magnitude responses. To achieve elliptic (or circular for the circularly symmetric case) contour in magnitude responses, a correction part is needed. The second part (which is the correction part) is obtained by having a zero-phase polynomial consisting of the sum of products of sin2"(w,/2) sin2"(w,/2) in the numerator and having the same denominator as the first part. Hence, the degree of ellipticity (or circularity) of the magnitude responses can be controlled by the numerator coefficients e,, of the second (or correction) part of eqn. 7.
Based on the above discussions, several points are noted as follows:
(a) The formats of the three major types of analogue filters, namely, Butterworth, Chebyshev and elliptic filters, can be expressed in a general form [19] as T,(s) = Afor odd order and (9) the property of the bilinear transformation, provided that the original analogue filter is stable, the stability of the transformed digital filter can be guaranteed. Hence, the filter expressed in the form of eqn. 7 must also be stable.
Circular magnitude response two-dimensional
It is obvious that the elliptically symmetric magnitude response case described in Section 3 is a generalised case of the circularly symmetric magnitude response one. Therefore, the principle can be applied to the design of circularly symmetric two-dimensional digital filters by adding an additional symmetric constraint, which implies H,(z) = H,(z), R = S and e,, = e,, . Hence, the number of independent coefficients and the number of frequency sample points required for optimisation can both be reduced by half.
Statement of the problem
Let C be the vector of the unknown coefficients
.., R and n = 1, 2, ..., Sy (14) and t represents the operation of matrix transposition. A performance error index E is defined as the sum of the squares of the errors of the M samples (wig, wzg), y = l , 2 ) . . _ )
M .
M E = C C I HZ(exp (jwlg), exp (jwzg)) 1
where H,(exp (jwl,), exp (jw,J) represents the ideal magnitude responses of the digital filter. This statement of the problem is to find the optimal vector C* which gives the minimum E. Such a 1, norm optimisation can be carried out directly by using the unconstrained Fletcher-Powell algorithm [20] .
two-dimensional filter as eqn. 7 ( d ) For the elliptical case, owing to the property of The design procedures of the present method are listed as follows : (a) Design two suitable one-dimensional analogue filters in the form of eqn. 2 to approximate the magnitude responses along the w1 and w2 axes. For the circular case, one one-dimensional analogue filter is enough. The analogue filters can be Butterworth, Chebyshev or elliptic analogue filters which can be obtained easily by looking up from an analogue-filter design table [17] (b) Bilinear transform the analogue filters into digital filters as eqns. 4 is designed with the use of a fourth-order onedimensional Butterworth anslogue filter as
The corresponding one-dimensional digital filters for w1 and w2 axes are, respectively, The optimal error index E* = 5.7932. The maximum errors in passband and stopband are 0.053 and 0.034, respectively. The optimal error index E* = 1.0389. The maximum errors in passband and stopband are 0.034 and 0.063, 
The optimal error index E* = 1.2012. The maximum errors in the passband and stopband are 0.045 and 0.056 respectively. Fig. 2 shows the magnitude response of the filter.
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